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We consider the p-Laplacian problem{−pu = λaxup−2u+ f x u in 
u ∈ W 1 p0 
on unbounded cylinders  = ˜ × RN−m ⊂ RN N − m ≥ 2, where pu =
div∇up−2∇u, λ is a constant in a certain range, and a ∈ LN/p ∩ L∞
is nonnegative a ≡ 0. Using the principle of symmetric criticality, existence and
multiplicity are proved under suitable conditions on a and f . © 2001 Academic Press
1. INTRODUCTION
The paper is concerned with the existence of nontrivial weak solutions
for the following p-Laplacian Dirichlet problem on unbounded cylinders{−pu = λaxup−2u+ f x u in 
u ∈ W 1 p0 
(1)
where pu = div∇up−2∇u,  = ˜×RN−m ⊂ RN , N −m ≥ 2, ˜ ⊂ Rm
m ≥ 1 is open bounded, 1 < p < N , and λ is a constant in a range to be
speciﬁed later. a is a nonnegative function in LN/p ∩L∞ a ≡ 0, and
f  × R→ R is Caratheodory function with subcritical growth, that is,
f0 f x u ≤ c1up−1 + c2ur−1 ∀u ∈ R for every x ∈ 
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where c1 c2 are positive constants, p < r < p∗ p∗ = NpN−p ifp < Np∗ =
+∞ otherwise
It is well known that weak solutions of (1) are precisely the critical points
of the associated functional
Iu = 1
p
∫

∇up − λaxupdx−
∫

Fx udx u ∈ W 1 p0 
where Fx s = ∫ s0 f x tdt. Our goal is to look for critical points of I on
W
1 p
0 .
Equations of form (1) have been the object of intensive investigations
by many authors in recent years because of their theoretical and practi-
cal importance in various situations. There are many papers devoted to
the existence of solutions of (1) on different domains. For bounded , we
refer the reader to [2–5, 7, 8, 10, 12, 17]; for unbounded , we refer the
reader to [6, 9, 11, 15, 16] and the references therein. In the present paper,
since  is unbounded, the loss of compactness of the Sobolev imbedding
W
1 p
0  ↪→ Lα p ≤ α < p∗ makes standard variational techniques
more delicate. Many of the papers treating the problem on unbounded
domains use special function spaces where the compactness is preserved,
such as weighted Sobolev spaces (see [6, 11, 16]) and spherically symmetric
spaces (see [17] and the references therein). Here, we construct a subspace
W
1 p
0G  ⊂ W 1 p0  involving spherical symmetry with compact imbed-
ding W 1 p0G  ↪→ Lα p < α < p∗. Using the principle of symmetric
criticality (see [14]), we can look for critical points of I constrained on
W
1 p
0G , which makes the problem easier to some extent. One main goal
of the paper is to look for nontrivial weak solutions of linking type. As it has
been pointed out in [5, 8], there are essential difﬁculties in dealing with link-
ing type solutions when p = 2, especially when  is unbounded. Although
we have the compact imbedding W 1p0G  ↪→ Lα p < α < p∗ we
do not have a compact imbedding W 1p0G  ↪→ Lp For this reason,
a ∈ LN/p is required in working with the linking solutions.
In this paper, we assume that f satisﬁes the following conditions
(f1) f x y1 u = f x y2 u for every y1 y2 ∈ RN−mN − m ≥ 2,
y1 = y2; i.e., f x · u is spherically symmetric on RN−m;
(f2) f x u = oup−1 as u → 0, uniformly for x ∈ ;
(f3) ∃θ > p such that f x uu ≥ θFx u ≥ 0 for x ∈ ;
(f4) f x u = −f x−u ∀x ∈  ∀u ∈ R.
Our main results are the following Theorems 1 and 2.
Theorem 1. Let a ∈ LN/p ∩ L∞ be spherically symmetric on
RN−mN −m ≥ 2, and f0–f3 hold. Then problem (1) has a nontrivial
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solution u ∈ W 1 p0  for λ ∈ τ1 τ2 (τi are positive constants to be
described in Section 2).
Theorem 2. When a ≡ 1 λ ∈ 0 λ1 (λ1 is the ﬁrst eigenvalue of the
p-Laplacian to be given in Section 2), and conditions f0–f4 hold, problem
(1) has inﬁnitely many pairs of solutions.
In [15], I. Schindler considers problem (1) with a ≡ 1, λ = −1, f x u =
f u on unbounded cylinders and obtains a mountain pass type solution.
Comparing the results therein with ours, we note that our Theorem 2 is
an improvement over the results in [15] under slightly more restrictive
conditions.
We will give the relevant preliminaries in Section 2. The proofs of the
main results are given in Section 3.
2. PRELIMINARIES
We ﬁrst construct a subspace of W 1 p0  with compact Sobolev imbed-
ding W 1 p0G  ↪→ Lα p < α < p∗. Throughout this paper, the norm
on W 1p0  is deﬁned by up =
∫ ∇up. This norm · is equivalent to
the standard norm on W 1p0  (see [1, pp. 189–191]).
Let  = ˜× RN−m be the unbounded cylinder given in Section 1.
Deﬁnition 1. Let G be a subgroup of ON deﬁned by G = idm ×
ON −m. The action of G on W 1p0  is deﬁned by
gux1 x2 = ux1 g−11 x2 ∀ x1 x2 ∈ ˜× RN−m g = idm × g1 ∈ G
The subspace of invariant functions is deﬁned by
FixG = W 1 p0G  = u ∈ W 1 p0   gu = u ∀ g ∈ G
Obviously, the action G on W 1 p0G  is isometric, that is,
gu = u ∀ g ∈ G
Lions [13] has pointed out that, if 1 < p < N and N − m ≥ 2 the
imbedding
W
1 p
0G  ↪→ Lα p < α < p∗
is compact.
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Deﬁnition 2. The action of a topological group H on a normed space
X is a continuous map
H ×X → X  h u → hu
such that
1 · u = u
h1h2u = h1h2u
u→ hu is linear.
The space of invariant points is deﬁned by
FixH = u ∈ X  hu = u ∀h ∈ H
A function ϕ  X → R is invariant if ϕ ◦ h = ϕ for every h ∈ H.
Lemma 1 (Principle of Symmetric Criticality, Palais, 1979 [14]). Assume
that the action of the topological group H on the Banach space X is isomet-
ric. If ϕ ∈ C1X R is invariant and if u is a critical point of ϕ on FixH
then u is a critical point of ϕ.
Remark 1. In this paper, we choose H = G, FixH = W 1 p0G .
Consider the constrained problem{−div∇up−2∇u = τaxup−2u in 
u ∈ W 1 p0G 
(2)
Denote X = W 1 p0G . Let
M = u ∈ X 
∫
∇up = 1 bu =
∫
axup u ∈ X
and∑
k
= A ⊂M  A closed −A = AγA ≥ k k = 1 2    
where γA is the Z2 genus of A, that is,
γA =


infn  there exist odd, continuoush  A→ Rn\θ
+∞ if it doesn’t exist odd, continuous h 
A→ Rn\θ ∀n ∈ Z+
0 if A =  
Set
βk = sup
A∈∑k infu∈Abu k = 1 2    
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Let τi = 1/βi. We know 0 ≤ τ1 ≤ τ2 ≤ · · ·, and τi ≥ λi, where λi is
the eigenvalue of (2) on W 1 p0 . Moreover, τi is also an eigenvalue.
Obviously,
τ1 = inf∇upp 
∫
axup = 1 u ∈ W 1 p0G  (3)
Lemma 2. The inﬁmum τ1 > 0 in (3) is attained by a positive solution of
Eq. (2).
Proof. We deﬁne the operator A  W 1 p0  ↪→ W 1 p0 ∗ by
Au v =
∫

axup−2uv ∀u v ∈ W 1 p0 
The operator A is compact (see [6]). Therefore, if un ⊂ X is a mini-
mizing sequence weakly convergent to u0, we obtain
∫
axun − u0p → 0,
n → ∞ Hence, ∫ axu0p = 1, and ∫ ∇u0p = τ1; that is, u0 attains
the inﬁmum in (3). Consequently, by the Euler–Lagrange principle, u0 is
a weak solution of (2). Since u0 also attains the inﬁmum in (3), it can
be assumed that u0 ≥ 0. The positivity of u0 then follows from the strong
maximum principle.
Corollary 1. If a is spherically symmetric on RN−m, then λ1 = τ1.
Proof. Since a is spherically symmetric on RN−m, Lemma 1 implies that
u0 is also a solution of (2) on W
1 p
0 . The uniqueness of positive eigen-
functions (see [6]) implies that u0 is the principal eigenfunction. Therefore,
λ1 = τ1.
Let ek be the eigenfunction for τk in (2) and ek = 1. Set
E1 = spane1 E2 = spane1 e2
Z =
{
u ∈ X 
∫
∇up = τ2
∫
axup
}
 (4)
Z˜ =
{
u ∈ X 
∫
∇up ≥ τ2
∫
axup
}
 (5)
Deﬁnition 3. Let X be a Banach space, Q ⊂ X be closed with bound-
ary ∂Q, and S ⊂ X be closed. We say that ∂Q ⊂ Q and S link in X, if
(1) ∂Q ∩ S =  ;
(2) for any continuous φ  Q → X satisfying φ∂Q = id∂Q, φQ ∩
S =  .
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Proposition 1. Assume that 0 < ρ < r <∞. Let
Qr = u = t1e1 + t2e2  u ≤ r t2 ≥ 0
∂Qr = u = t1e1  t1 ≤ r ∪ u ∈ Qr  u = r
Zρ = u ∈ Z  u = ρ
Z˜ρ = u ∈ Z˜  u = ρ
Then ∂Qr ⊂ Qr and Zρ link in X; furthermore ∂Qr ⊂ Qr and Z˜ρ link in X.
Proof. ∂Qr ∩ Zρ =  is obviously true. Denote N = u ∈ M  bu >
β2. Obviously, N is open in M and contains ±e1, and ∂N ⊂ Z. Fur-
thermore, ±e1 are not contained in the same connected component of N
(see [8]). Let N1 be the connected component of N containing e1. Then
−N1 ∩N1 =  , and ∂N1 ⊂ ∂N ⊂ Z. Denote
K1 = tu  u ∈ N1 t > 0 K = K1 ∪ −K1
Then K1 and −K1 are connected, K1 ∩ −K1 =  , and ∂K ⊂ ∂N1 × R.
By the deﬁnition of Z, we know ∂K ⊂ Z.
Let ϕ  Qr → X be continuous and ϕ∂Qr = id. Denote d1 = diste1 ∂K.
Deﬁne the mapping p  X → E2 by
pu=mindistu ∂K rd1e1 + u − ρe2 if u ∈ −K1
pu=−mindistu ∂K rd1e1 + u − ρe2 if u ∈ −K1
Then p is continuous and
pre1 = rd1e1 + r − ρe2
p0 = −ρe2
Since pte1 = td1e1 + t − ρe2 when 0 ≤ t ≤ r, p maps the line
segment which connects re1 and 0, denoted by re1 0, onto the line
segment rd1e1 + r − ρe2, −ρe2 homeomorphically; similarly, p maps
−re1 0 onto −rd1e1 + r − ρe2, −ρe2 homeomorphically. For u ∈ ∂Qr
with u = r, we have pu = se1 + r − ρe2 for some s satisfying
−rd1 ≤ s ≤ rd1. Therefore p maps the half circle u ∈ ∂Qr  u = r from
re1 to −re1 on ∂Qr onto rd1e1 + r − ρe2, −rd1e1 + r − ρe2, which is
perhaps not homeomorphically. Let f = p ◦ϕ  Qr → E2. Then 0 ∈ f ∂Qr
and degfQr 0 = 1 (see [8]), which implies that there exists u ∈ Qr such
that
ϕu ∈ ∂K and ϕu = ρ
Since ∂K ⊂ Z, it follows that ϕu ∈ Zρ. Hence, ∂Qr ⊂ Qr and Zρ link in
X Since Zρ ⊂ Z˜ρ, and ∂Qr∩ Z˜ρ =   we know that ∂Qr ⊂ Qr and Z˜ρ link
in X The proof is complete.
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The following Lemma 3 can be seen in [4, pp. 222–223].
Lemma 3 (Dual Mountain Pass Lemma, Ambrosetti–Rabinowitz). Let
X be a Banach space and f ∈ C1XR be even and satisfy P Sc con-
ditions; that is, any sequence un in X satisfying f ′un → 0 in X∗ and
f un → c contains a convergent subsequence. f satisﬁes
(1) there exist ρ α > 0 and a ﬁnite dimensional subspace E ⊂ X
such that
f E⊥∩Sρ ≥ α
where Sρ = u ∈ X  u = ρ, and E⊥ is the complement space of E in X;
(2) there exist a sequence of subspaces E˜j ⊂ X dimE˜j = j, and
Rj > 0 such that
f u ≤ 0 ∀u ∈ E˜j\BRj  j = 1 2    
where BR = u ∈ X  u ≤ R.
Then f has inﬁnitely many pairs of critical points corresponding to posi-
tive critical values.
3. PROOF OF THE MAIN RESULTS
In this section, we give the proofs of Theorems 1 and 2. The proof of
Theorem 2 is short because it is similar to that of Theorem 1.
Let a be spherically symmetric on RN−m. Along with (f1), I is invari-
ant. By the principle of symmetric criticality (Lemma 1), we can look for
critical points for I constrained on W 1 p0G . From now on we denote
X = W 1 p0G .
Lemma 3.1. I satisﬁes the PSc conditions on X.
Proof. Let un be the PSc sequence. Then I ′un → 0 in X∗, and
Iun → c. We prove the lemma in two steps.
Step a. un is bounded in X
By f3, we have
Fx u ≥ 1
θ
uθ for every x ∈ 
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For n large enough we have
c + 1 ≥ Iun = Iun −
1
p
I ′unun +
1
p
I
′ unun
= 1
p
∫
f x unun −
∫
Fx un +
1
p
I ′unun
≥
(
θ
p
− 1
) ∫
Fx un +
1
p
I ′unun
≥
(
θ
p
− 1
)
1
θ
∫
unθ +
1
p
I ′unun (6)
It follows from p < θ < p∗ that θ
θ−p >
N
p
 It follows from a ∈ LN/p ∩
L∞ that a ∈ Lθ/θ−p. So we have∫
aunp ≤
θ− p
θ
∫
a
θ
θ−p + p
θ
∫
uθ (7)
By (6) and (7), for n large enough we have
c + 1 ≥ Iun = Iun −
1
θ
I ′unun +
1
θ
I
′ unun
≥
(
1
p
− 1
θ
) ∫
∇unp −
(
1
p
− 1
θ
)
λ
∫
aunp +
1
θ
I
′ unun
≥
(
1
p
− 1
θ
)
unp − c1 − c2
∫
unθ +
1
θ
I
′ unun
≥
(
1
p
− 1
θ
)
unp − c1 − c3 + c4I
′
(
un
)
un +
1
θ
I
′ unun
≥
(
1
p
− 1
θ
)
unp − c5 − un
where the ci i = 1 2 3 4 5 are constants. This implies that un is
bounded.
Step b. un is a Cauchy sequence in X.
It follows from f0 and f2 that, for ∀ ε > 0, there exists a cε > 0 such
that
f x u ≤ εup−1 + cεur−1 (8)
Moreover, we have the inequality
ξ − ηp ≤


ξp−2ξ − ηp−2ηξ − η if p ≥ 2
ξp−2ξ − ηp−2ηξ − η p2
×ξp + ηp 2−p2  if 1 < p < 2
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for ∀ ξ η ∈ Rn (see [11]). Hence,∫ (∇uip−2∇ui − ∇ujp−2∇uj)∇ui − ∇uj
≤ I ′ uiui − uj + I
′ ujui − uj
+
(∣∣∣ ∫ axuip−2uiui − uj +  ∫ axujp−2ujui − uj∣∣∣)
+
∣∣∣ ∫ f x ui − f x ujui − uj∣∣∣
= I1 + I2 + I3 + I4
I1 = oun, I2 = oun follow immediately from the fact that un
is the PSc sequence. I3 = o1 follows from the fact that operator A is
compact. It follows from the compact imbeddingX ↪→ Lα (p < α < p∗
and (8) that I4 = oun. Hence, un is a Cauchy sequence. The proof is
complete.
Lemma 3.2. Let τ1 < λ < τ2. Let e1 e2, E1, E2, Qr , and Zρ be as
described in Section 2. Then
I∂Qr ≤ 0 for r large enough (9)
IZρ > 0 for ρ small enough. (10)
Proof. If u = te1 ∈ E1 by (f3), we have
Iu = Ite1 ≤
tp
p
( ∫
∇e1p − λ
∫
axe1p
)
= t
p
p
(
1− λ
τ1
)
≤ 0
Assumptions f0 and f3 imply the existence of c1, c2 > 0 such that
c1ur − c2up ≤ Fx u
Hence
Iu ≤ 1
p
∫
∇up − c1
∫
ur + c2
∫
up
By the equivalence of the norms on E2, and the assumption r > p, we have
that
Ju → −∞ as u → ∞ u ∈ E2
Then we proved (9).
If u ∈ Z we have
Iu ≥ 1
p
(
1− λ
τ2
) ∫
∇up −
∫
Fx u
It follows from f0 and f2 that∫
Fx u = oup as u → 0 in X
which implies (10).
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Proof of Theorem 1. Choosing 0 < ρ < r such that (9) and (10) hold,
we know by Proposition 1 that ∂Qr ⊂ Qr and Zρ link in X. Hence, by the
critical theorems of linking type on X (see [4]) and Lemma 3.1, I has a
critical point corresponding to a positive critical value Therefore, (1) has
a nontrivial weak solution u ∈ W 1 p0 .
Remark 2. When p = 2, there is no restriction on λ.
Proof of Theorem 2. If the assumptions of Theorem 2 are satisﬁed, by
a minimal adjustment of the proof of Lemma 3.1, we obtain that I satisﬁes
the PSc conditions on X. By f4 I is even on X. We choose E = 0 in
(1) of Lemma 3. Just as in the proof of (9), we know (2) of Lemma 3 holds
for any ﬁnite dimensional subspace Ej ⊂ X. Consequently, by Lemma 3,
problem (1) has inﬁnitely many pairs of solutions corresponding to positive
critical values.
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